New exceptional (i.e. non-repeating) prime number multiplets are given and formulated in terms of arithmetic progressions, along with laws governing them. Accompanying repeating prime number multiplets are pointed out. Prime number multiplets with less regular distances are studied.
Introduction
In Refs. [1] , [2] , [3] a variety of prime number multiplets have been discussed, most of which exhibit a regular distance pattern. The reason for restricting attention to them is the enormously complex mix of regularities with chaotic properties of prime numbers.
The well-known exceptional triplet 3, 5, 7 is the only case of three successive primes in the arithmetic progression 3 + 2n for n = 0, 1, 2. All others are composites or single primes, such as 23 for n = 10, and 37 for n = 17, and ordinary twins like 11, 13 for n = 4, 5 and 17, 19 for n = 7, 8 etc.
More general exceptional triplets [1] , [2] such as 3, 3+2d, 3+4d of primes at equal distance 2d, (3, d) = 1 translate into successive prime values in the arithmetic progression 3 + 2dn. There is at most one prime number triplet in it (for n = 0, 1, 2) and all others are composites, single primes or twins at the distance 2d, but no k−tuple of primes for k > 3.
For any odd prime p, in terms of the arithmetic progression p + 2dn with (d, p) = 1, there is at most one p−tuple of primes for n = 0, 1, 2, . . . , p − 1 [2] , but no k−tuples for k > p. In Section 3 it is shown that there are accompanying (p − 1)−tuples of primes that usually repeat.
We also generalize the prime 3 and triplets in (ii) of Theor. 2.3 [1] to an arbitrary odd prime p and p−tuples of primes. This continues the quest for uncovering more and deeper laws governing prime number multiplets.
New Exceptional Prime Number Multiplets
Let us start with a few samples of prime number multiplets that generalize the exceptional triplets in (ii) of Theor. 2.3 [1] . Given any distance 2d 1 not divisible by 5 such that 5 + 2d 1 is prime, we can extend 5, 5 + 2d 1 , 5 + 2d 2 , 5 + 2d 3 , 5 + 2d 4 to a maximum-length exceptional quintet of prime numbers using 5|d j − d 1 . That is to say, there is at most one such quintet for a given distance pattern, and they cannot repeat.
Example 2.1. , 3, 4, 6, 7, . . . 5, 7, 19, 31 43 [2, 2(1 + 5) , 2, 2(1 + 5)] − 7, −19, −31, − 43 5, 11, 17, 23, 29 [6, 6, 6, 6] 5, 11, 37, 43, 59 [6, 2(3 + 10), 6, 2(3 + 5) ] − 11, −17, −23, −29 5, 13, 31, 59, 67 [8, 2(4 + 5) , 2(4 + 10), 8] − 13, −31, −59, − 67 5, 17, 29, 41, 53 [12, 12, 12, 12 ] − 7, −19, −31, −43.
The continuation to negative numbers is given behind the distance pattern in brackets. None of these quintets (nonets) can be extended to 6 (or 10) primes in a row with the same or similar distance pattern. And they do not repeat, i.e. are all exceptional. The same is the case for 5, 19, 23, 37, 41 at distances [14, 4, 14, 4] with 5|14 − 4, 5 |14.
Similar rules apply to septets for d 1 = 2, 3, 5, 6, . . .. 7, 11, 29, 47, 79, 83, 101 [4, 2(2 + 
There is no other such p−tuple, because one of p odd numbers in a row at the same distance 2d 1 (mod p) is divisible by p. ⋄ Corollary 2.3. There is a p−tuple of primes with a distance pattern 2d j (mod p) of Theor. 2.2. Proof. With pn+2d 1 forming an arithmetic progression, Dirichlet's theorems allows us picking n 1 so that pn 1 + 2d 1 = p 1 is prime. Likewise, we pick n 2 in pn 2 + 2d 2 = p 2 so it is prime, etc. The proof in Theor. 2.2 shows that there is no other such p−tuple of primes. ⋄ Using this principle we can construct exceptional p−tuples of primes for any odd prime number p as follows.
Example 2. 4. The exceptional septet 7, 13, 47, 67, 73, 79, 113 has the distances [6, 2(3 + 2 · 7), 2(3 + 7), 6, 6, 34] , where each distance has the form 2·3+2·7n in accord with Theor. 2.2. It cannot be continued to an octet because 113 + 2(7n + 3) = 7(17 + 2n) factorizes.
Likewise, the 11−tuple of primes 11, 13, 37, 61, 107, 109, 199, 223, 269, 271, 383 (1) with distances [2, 2(1 + 11), 24, 2(1 + 2 · 11), 2, 2(1 + 4 · 11), 24, 46, 2, 2(1 + 5 · 11)] (2) cannot be continued to a 12−tuple, as 383 + 2(11n + 1) = 11(5 · 7 + 2n) factorizes. The exceptional 13−tuple of primes 13, 17, 47, 103, 107, 137, 167, 197, 227, 257, 313, 317, 347 (3) with the distance pattern [4, 2(2 + 13), 2(2 + 2 · 13), 4, 30, 30, 30, 30, 30, 56, 4, 30] 
cannot be continued because 347 + 2(2 + 13n) = 13(27 + 2n) factorizes.
The 17−tuple of primes 17, 19, 89, 193, 229, 367, 607, 643, 883, 919, 1193, 1229, 1231, 1301, 1303, 1373, 1409 (5) with the distances (6) stops because 1409 + 2(1 + 17n) = 17(83 + 2n) factorizes. These cases follow the general factorization
In a tour de force, we give the following 43−tuple that goes two steps beyond Euler's optimal sequence of 41 primes generated by x(x − 1) + 41, x = 0, 1, . . . , 40 : 43, 47, 137, 227, 317, 751, 1013, 1103, 1193, 1283, 1373, 1549, 1553, 1901, 2593, 2683, 2687, 2777, 2953, 2957, 3391, 3739, 4001, 4091, 4783, 4787, 4877, 4967, 5573, 5749, 5839, 5843, 6277, 6367, 7489, 8009, 8443, 8447, 8537, 8627, 8803, 8807, 9241 with the distance pattern In each step, as outlined in the proof of Theor. 2.5 below, we pick the next possible prime. Yet, sometimes there are gaps of hundreds. In general, it is much easier to search for the first long prime sequence than uncover record setting p−tuples at equal distances [3] of comparable length.
Theorem 2.5 Given any odd prime p, there are infinitely many 2d 1 > 0 such that p + 2d 1 is prime and p − 2 multiples pj i of p so that the sequence p, p+2d 1 , p+4d 1 +2pj 1 , . . . , p+2(p−1)d 1 +2pj p−2 forms a p−tuple of primes. Each p−tuple of primes is of maximum length and exceptional, i.e. will not repeat.
Remark 2.6. Since the general multiplet member has the form p(1 + 2j k ) + 2kd 1 , this result may be viewed as the existence of maximum-length succession of primes in some generalized arithmetic progressions, and the following proof clarifies what is meant by this.
Proof. Given the odd prime p, we pick a d 1 so that p+2d 1 = p 1 is prime. There are infinitely many such values by Dirichlet's theorem, because p + 2d 1 is an arithmetic progression with d 1 (and p |d 1 ) running. Next, we pick j 1 in p + 2d 1 + (2d 1 + 2j 1 p) = p 2 so that p 2 is prime. Again by Dirichlet's theorem there is an infinitude of such values j 1 , because p(1+2j 1 )+4d 1 is an arithmetic progression. And just as in step 1, each of these choices leads to a complete p−tuple of primes, and so on. In step p − 1, we pick j p−2 so that p(1 + 2j p−2 ) + 2(p − 1)d 1 is prime. This being an arithmetic progression with j p−2 running, it can be done again by Dirichlet's theorem in infinitely many ways. This completes the p−tuple and the proof, because no further step is possible in view of the factorization
This construction testifies to the unbelievable variety, richness and complexity of the sequence of ordinary prime numbers. We could also have walked backward at any step, as is shown in the following examples. 
is stopped by 13 + 2(1 + 5n) = 5(3 + 2n); 5, 7, 19, 11, 3 [2, 2(1 + 5) 
by 3 + 2(1 + 5n) = 5(1 + 2n);
by −17 + 2(1 + 5n) = 5(−3 + 2n);
by −37 + 2(1 + 5n) = 5(−7 + 2n). Only walking straight left 5, −3, −11, −19, −37
yields an optimal nonet upon extending the quintet in Eq. 9. Corollary 2.8. By working to the left, some p−tuples of primes may be extended to optimal (2p − 1)−tuples.
Proof. Essentially the same proof as for Theor. 2.5 
Induction principle for primes. Let A 1 , . . . , A n be a finite set of formulas involving a finite number of primes. Let A 1 , . . . , A n be true for the primes p 1 , . . . , p k . If A 1 , . . . , A n are taken to be true for a general set of primes P 1 , . . . , P k and it is shown that there are primes Q 1 > P 1 , . . . , Q k > P k so that A 1 , . . . , A n are true, then A 1 , . . . , A n hold for an infinitude of prime sets.
The primes Q 1 , . . . , Q k may be found by Euclid's proof of the infinitude of primes [4] , [5] or, if arithmetic progressions are involved, by using Dirichlet's theorem. Cor. 2.3, Theors. 2.5, 3.4 are applications of the prime number induction principle. In all of them A j are arithmetic progressions.
Repeating Prime Patterns
The previous section dealt with non-repeating, or exceptional, p−tuples of primes. If they were incredibly numerous and diverse, repeating patterns are even more so, as we exemplify in this section.
Example 3.1. The exceptional quintet 5, 11, 17, 23, 29 [6, 6, 6, 6] 
is followed by a string of quartets at equal distance 6 : 41, 47, 53, 59; 61, 67, 73, 79; 251, 257, 263, 269; 601, 607, 613, 619; 641, 647, 653, 659; . . . (17) Each quartet is preceded and followed by a multiple of 5, such as 35, 65; 55, 85; 245, 275; . . . . Probably there is an infinitude of such quartets but, at fixed equal distance 6, this may be as hard to prove as any twin prime conjecture. In terms of the arithmetic progression 5+6n, there is just one quintet of primes accompanied by a string of quartets of primes, but no k−tuples for k > 5. Similarly, the exceptional septet at equal distance [6] 150 7, 157, 307, 457, 607, 757, 907 (18) is accompanied by (probably infinitely many) 6−tuples of primes at equal distance 150 : 73, 223, 373, 523, 673, 823; 2467, 2617, 2767, 2917, 3067, 3217; 4637, 4787, 4937, 5087, 5237, 5387; 6079, 6229, 6379, 6529, 6679, 6829; 7717, 7867, 8017, 8167, 8317, 8467; 13163, 13313, 13463, 13613, 13763, 13913; . . . (19) Again, each 6−tuple is preceded and followed, at the same distance 150, by a multiple of 7, such as 823 + 150 = 7 · 139, 73 − 150 = −7 · 11; 2467 − 150 = 7 · 331, 3217 + 150 = 7 · 481; 13163 − 150 = 7 · 1859, 13913 + 150 = 7 · 2009. Of course, this also holds for the record setting 11−tuples of primes [3] . The first 11−tuple at equal distance 1536160080 is followed by the 10−tuples at the same distance 2009803217, 3545963297, 5082123377, 6618283457, 815443537, 9690603617, 11226763697, 12762923777, 14299083857, 15835243937; None can be continued to a quintet using any of the distances 2, 12, because 5|17−2, 43+2; 5|17−12, 43+12; . . . i.e. they are preceded and followed by multiples of 5. The first prime p 1 ≡ 2 (mod 5), the second prime p 2 ≡ 4 (mod 5), the third p 3 ≡ 1 (mod 5) and the 4th p 4 ≡ 3 (mod 5), which follows from 2, 12 ≡ 2 (mod 5). Likewise, 41, 47, 73, 79 [6, 26, 6] 191, 197, 223, 229; 11, 17, 43, 59 [6, 26, 16] 41, 47, 73, 89; 131, 137, 163, 179; 191, 197, 223, 239 with 41, 191, 11, 41, 131, 191 ≡ 1 (mod 5), 47, 197, 17, 47, 137, 197 ≡ 2 (mod 5), 73, 223, 43, 73, 163, 223 ≡ 3 (mod 5), 79, 229, 59, 89, 179, 239 ≡ 4 (mod 5) from 6, 26 ≡ 1 (mod 5). Similar rules hold for the first septet in Example 2.1 with the accompanying 6−tuples 431, 449, 467, 499, 503, 521 [18, 18, 32, 4, 18] 35081, 35099, 35117, 35149, 35153, 35171; . . . For the distance pattern [4, 18, 18, 32, 4 ] the 6−tuples start after a large gap 50047, 50051, 50069, 50087, 50119, 50123; 197887, 197891, 197909, 197927, 197959, 197963; . . . distance 2d 1 (mod p) and end with a multiple of p. ⋄ When the odd prime p in an arithmetic progression p + 6dn is replaced by p l , l ≥ 2, then p is no longer available as the first prime of an exceptional p−tuple, leaving only k−tuples with k ≤ p − 1.
Corollary 3.5. There is no exceptional p−tuple of primes in the arithmetic progression p l + 6dn, l ≥ 2, p |d, n = 0, 1, . . ..
More General Prime Sequences
Example 4.1. The arithmetic progressions 35 + 6n, 55 + 6n contain at most quartets of primes 41, 47, 53, 59; 251, 257, 263, 269; 641, 647, 653, 659; . . . 61, 67, 73, 79; 601, 607, 613, 619; . . . where multiples of 5 usually precede and end them, such as 59+6 = 5 · 13, 251 − 6 = 5 · 7 2 , 79 + 6 = 5 · 17. However, the triplet 97, 103, 109 in 55 + 6n is preceded by 91 = 7 · 13, where 5 < 7 < 11, 13 > 11. Alternately, the triplet 271, 277, 283 ends before 289 = 17 2 , while 361 = 19 2 precedes 367, 373, 379. This does not happen for quadruplets. There are no exceptional quintets because 35 = 5 · 7, 55 = 5 · 11 are composite. Theorem 4.2. Let p j |a, p 1 < p 2 < . . . < p A be all the odd prime divisors of a in the arithmetic progression a+6dn, (a, 6d) = 1. Then multiples of primes P > p A may eliminate (p 1 −1)−tuples creating k−tuple fragments of primes starting after a multiple of p 1 and ending before a multiple of P, or starting after a multiple of P and ending before a multiple of p 1 , where k ≤ p 1 − 2. Prime divisors p j > p 1 may play the same role.
If q|d, q > 3 is an odd prime divsor of the distance 6d then there are no q−tuples in a + 6dn. Let p ′ |d for all p ′ < p M ≤ p 1 . Then (p M − 1)−tuples of primes are the longest that can occur in a+6dn. If p M > p 1 , then (p 1 −1)− tuples of primes are the longest in a + 6dn.
Proof. As shown in Cor. 5 of Ref. [3] , a prime divisor q|d is needed to prevent any q−tuple of primes to occur in a + 6dn. Any prime divisor p j |a eliminates exceptional p j −tuples by its multiples and serves to end k−tuples or precedes a k−tuple by it. Hence there would be (p j −1)−tuples of primes if it were not for multiples of p k = p j , p k |a between two multiples of p j that eliminate them. As a consequence, there are fragments of (p j −1)− tuples of primes, that is smaller m−tuples that start after a multiple of p j and end before a multiple of p k . Other fragments start after a multiple of p k 1 and end before a multiple of p k 2 , or start after a multiple of p k and end before a multiple of p j , etc. Example 2.1 shows these cases. Thus, at most k−tuples are allowed with k ≤ p M − 1. Thus, the more prime divisors a has the fewer k−tuples of primes will occur in the arithmetic progression a+6dn. The longer the product of successive odd prime divisors the distance 2d has starting form 3, the higher the allowed k−tuples are for q M < k ≤ p 1 − 1 ⋄. Proof. This follows along the lines of the proof of Theor. 2.5 . ⋄ Note carefully that these multiplets of primes are not necessarily in the arithmetic progression a + 6dn.
